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Outline of the presentation 

¸Equations with the uncertain parameters 

and their applications 

 

¸New approach for the solution of the 

equations with the interval parameters 

 

¸Generalizations and conclusions 
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Mathematical model of a machine 
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Such simulations are possible since early 1970s 

O.C. Zienkiewicz, Ivo M. Babuġka, P.G. Ciarlet, P. Solin,é  



Mathematical models 
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physical problem 

mathematical 

models 

experiments 

predictions experimental results º

expensive 

cheap 



Truss structure with uncertain forces 
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Perturbated forces 
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0P P P= °D

No 1 2 3 4 5 6 7 8

ERROR % 10 9,998586 10,00184 10,00126 60,18381 11,67825 9,998955 31,8762

No 9 10 11 12 13 14 15

ERROR % 10,00126 11,67825 60,18381 9,998955 10,00184 10 9,998586

5% uncertainty 
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Vibrations of beams 



Vibrations of beams 
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vibration.mpeg 

vibration.mpeg


Vibrations with uncertain parameters 

http://andrzej.pownuk.com 9 

vibrations-uncertainty.mpeg 
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Random vibrations 
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vibrations-random.mpeg 
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Interval displacements 
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vibrations-interval.mpeg 

vibrations-interval.mpeg
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Dynamics of plates 



Dynamics of plates 
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plate-vibrations.mpeg 

plate-vibrations.mpeg
plate-vibrations.mpeg
plate-vibrations.mpeg


Uncertain solution 

¸Set-valued parameters 
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( , , ) { ( , , ) : }u x t u x t p p= Íp p

( , , ) [ ( , ), ( , )]u x t u x t u x t=p



Uncertain solution 

¸Set-valued parameters  

and the optimization methods 
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( , ) min{ ( , , ) : }u x t u x t p pÍ= p

( , ) max{ ( , , ) : }u x t u x t p pÍ= p



Uncertain solution 

¸Set-valued parameters 
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( , ) ( , , )minu x t u x t p=
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arg min ( , , ) arg max ( , , )

,
. . . .

p pmax
u x t p u x t p

p p
s t p s t p

ë ëî î
=

Í Í
=ì ì

î îí íp p

max( , ) ( , , )u x t u x t p=



Example 
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Example 
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Probabilistic solution 

¸Random parameters 
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Interval and probabilistic solution  

¸Probabilistic interpretation  

of the interval solution. 
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Set-valued and probabilistic solution 
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{ }: ( , , ( )) [ ( , ), ( , )], 1P u x y p u x t u x tw w wW Í ÍW=



Interval and probabilistic solution  

¸Width of the solution 

¸ Interval solution (worst case analysis) 

 

 

¸Probabilistic solution 

http://andrzej.pownuk.com 22  

= Ö

= Ö



Taylor method 
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Graphical representation of the solution 
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System of linear interval equations 
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Solution set in 3D 
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Solution set in 3D 
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Uncertainty 
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Problem with interval parameters 
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[1,2] [1,4]=x

[1,2]=x

because 

[1,2] [1,2] [1,4]Ö =

Algebraic Solution 



United Solution Set 
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Comparison of the solution sets 
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United Solution Set Algebraic Solution 

There are many ways how it is possible  

to extend equations with the real parameters  

into equations with the interval parameters.  



Stochastic differential equations 
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Interval equation 
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Practical applications 

¸Presented approach can be applied for 

the solution of practical engineering 

problems. 

 

¸It is possible to solve nonlinear and large 

scale problems. 
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Post-processing 

¸PDE 

 

¸Set-valued solution 

 

¸Post-processing    
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Post-processing 
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General interval FEM 
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http://andrzej.pownuk.com/php/FEM2/ 
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Automatically generated test problems 
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http://webapp.math.utep.edu/Pages/IntervalFEMExamples.htm 


